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Abstract

We study the nonlinear stability of electrohydrodynamic of a cylindrical interface separating two conducting fluids of circular
cross section in the absence of gravity using electroviscous potential flow analysis. The analysis leads to an explicit nonlinear
dispersion relation in which the effects of surface tension, viscosity and electricity on the normal stress are not neglected, but
the effect of shear stresses is neglected. Formulas for the growth rates and neutral stability curve are given in general. In the
nonlinear theory, it is shown that the evolution of the amplitude is governed by a Ginzburg—Landau equation. When the viscosities
are neglected, the cubic nonlinear Schrodinger equation is obtained. Further, it is shown that, near the marginal state, a nonlinear
diffusion equation is obtained in the presence of viscosities. The various stability criteria are discussed both analytically and
numerically and stability diagrams are obtained. It is also shown that, the viscosity has effect on the nonlinear stability criterion of
the system, contrary to previous belief.
© 2006 Elsevier Masson SAS. All rights reserved.

1. Introduction

The motion of a liquid jet under the combined influence of capillary force, viscous forces and electric field has
received much attention in fluid mechanics literature. Such liquid jet occur in many industrial applications, such
as in ink jet printers [1], paint spraying [2], fuel atomization, electrohydrodynamic mixing [3], etc. Most of the
analytical solutions stem from the pioneering works of Plateau [4], Rayleigh [5], Weber [6] and Tomotika [7]. The
dynamical theory of instability of a long cylindrical column of an inviscid liquid under the action of capillary force
was given by Rayleigh [5] following earlier work by Plateau [4] who showed that a long cylinder of liquid is unstable
to disturbances with wavelengths greater than the circumference of the cylinder, and those with wavelengths less than
the circumference will decay, i.e. the wavenumber k of the symmetrical disturbances are unstable for £ < 1 and stable
for k > 1 as the length variable has been nondimensionalized by the undisturbed radius of the cylinder. Rayleigh [5]
showed that the maximum growth rate occurs at k = /4.51. Rayleigh [8] also considered the capillary instability
of a cylindrical liquid viscous jet and neglecting the effect of the outside fluid. The effect of viscosity is treated in
the special case in which the viscosity is so great that inertia may be neglected. He shows that the wavelength for
maximum growth is very large, strictly infinite. Weber [6] extended Rayleigh [8] by considering an effect of viscosity
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and included the action of an inviscid atmosphere of surrounding air on the stability of a columnar jet. He showed that
viscosity does not alter the value of the cutoff wavenumber predicted by the inviscid theory and that the influence of
the ambient air is not significant if the forward speed of the jet is small. Tomotika [7] extended the solution to include
the effect of a viscous surrounding. Tomotika’s problem was studied by Lee and Flumerfelt [9] without making the
approximations used by Tomotika [7]. They investigated effects of viscosity ratio for various values of Ohnesorge
number and a fixed value of the density ratio for some limiting cases. Funada and Joseph [10] treat the general fully
viscous problem considered by Tomotika. Theories based on viscous and inviscid potential flows are constructed and
compared with the fully analysis and with each other. They found that the growth rates for the inviscid fluid are largest,
the growth rates for fully viscous problem are smallest and those of viscous potential flow are between. Funada and
Joseph [11] extended the analysis of viscous potential flow [10] to viscoelastic fluids of Maxwell type. Joseph et al.
[12] have analyzed Rayleigh—Taylor instability of an Oldroyd fluid using viscoelastic potential flow. They showed
that the growth rates for the most unstable wave are much larger than for the comparable viscous drop, which agrees
with the surprising fact that the breakup times for viscoelastic drops are shorter. They also do an analysis of Rayleigh—
Taylor instability based on viscoelastic potential flow, which gives rise to nearly the same dispersion relation as the
unapproximated analysis.

The basic principles for dealing with electrified fluids were developed by Taylor [13—15]. Taylor discovered that
it is impossible to account for most electrical phenomena involving moving fluids under the seemingly reasonable
assumptions that the fluid is either perfect dielectrics or perfect conductor. The reason is that any perfect dielectric still
contains a nonzero free charge density. Although this charge density might be small enough to ignore bulk conduction
effects, the charge will typically live on interfaces between fluids. If there is also a nonzero electric field tangent to
the interface then there will be a nonzero tangential stress on the interface. The only possible force that can balance a
tangential stress is viscous; hence, under these conditions the fluid will necessarily be in motion. This idea has become
known as the “leaky dielectric model” for electrically driven fluids. In the light of linear theory of leaky dielectric
theory, Melcher and Taylor [16] explained certain paradoxical phenomena pertaining to nonconducting fluids. Its
consequences have been successfully compared to experiments on neutrally buoyant drops elongated by electric fields.
Saville [17] examined the linear electrohydrodynamic stability of an infinite fluid cylinder in the presence of an axial
electric field. Both fluids were treated as leaky dielectrics. He showed that a leaky dielectric requires much lower
field strength than a perfect dielectric for jet stabilization to take place. In addition he showed that the stability of
the cylindrical configuration depends on the relative magnitude of the conductivity and dielectric constant ratios.
A detailed discussion and derivation of the assumptions behind the model are described in the review by Saville [18].
Mestel [19,20] has included surface charge in special limits. Based on a systematic linear computational analysis of
the leaky dielectric model, Feng and Scott [21] found that the relationship between the drop deformation parameter
and the square of the dimensionless electric field strength is typically nonlinear whereas the linearized asymptotic
theory provides merely straight asymptotic lines describing drops with vanishingly small a sphericity at relatively
low field strength. They improved agreement between theory and experiment for higher field strengths and larger
deformations. Feng [22] extended the computations of Feng and Scott [21] to include the charge convection effect
that is expected to emerge when the flow intensity is considerable. In a series of papers [23-27], They developed a
nonlinear theory for the stability of a finitely conducting jets of electrically force in different situations. They obtained
nonlinear differential equations, Such as Schrodinger equations and Klein—Gordon equations, as well as Ginzburg—
Landau equation describing the evolution of the finite amplitude wave packet on a fluid surface with the aid of multiple
scales method. They showed that the wavetrain solution of constant amplitude is unstable against modulation if the
product of the group velocity rate and the nonlinear interaction parameter is positive. The nonlinear aspects of the
model provide new instability regions in the parameter space. They showed that, the nonlinear effects are important in
the treatment of electrohydrodynamic phenomena, because the phenomenon cannot be discussed entirely by a linear
theory. They found that the uniform axial electric field has a stabilizing or destabilizing influence, according to some
of conditions on conductivity and permittivity ratios, for axisymmetric case, was reported by [23]. Elhefnawy et al.
[24] found that, the nonlinear stability of the system depends on both the outer and the inner radial electric fields,
while, the linear stability depends on the outer field and doesn’t depends on the inner one, such effects can only be
understood by nonlinear analysis, as the linear analysis fails to predict them. They showed that the streaming has
a destabilizing effect, for some conditions on conductivity and permittivity ratios are stated by [25]. They found,
the nonlinear stability criterion of interfacial surface charges depends on the outer and the inner dielectric constants,
in contrast with the linear analysis, have presented by [26]. Elcoot and Moatimid [27] investigated the nonlinear
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streaming instability of surface waves propagating through porous media of a cylindrical flow of two concentric fluids
when the conductivities of the fluids are finite. The dominant instability strongly depends on the fluid parameters of
the jet (viscosity, dielectric constant, finite conductivity) and also the velocity of the fluids. El-Sayed et al. [28,29]
studied theoretical the effect of time dependent radial and axial electric fields enhanced heat and mass transfer on the
interfacial instability of two conducting fluids separated by a cylindrical interface, and confined between two coaxial
circular cylinders. Fing and Bear [30] studied the case of weak viscous effects. This weakness is regarded such that
viscous effects appear at the interface and gradually decrease to be ineligible at the bulk. Their treatment based on
the viscous contribution has been demonstrated through the normal stress boundary condition. While, the tangential
stress is ignored.

In this paper we employ the nonlinear leaky dielectric theory to describe the stability of an electroviscous potential
flow analysis for liquid jet. The outline of this paper is as follows. In Section 2, we give description of the problem
including the basic equations governing the motion of the considered system together with the appropriate nonlinear
boundary conditions. In Section 3, we obtain a nonlinear equation in terms of the interfacial displacement, from which
we derive the linear solution (dispersion relation), and the stability conditions for the system are obtained. Also, the
breakup phenomena of liquid jets into drops are discuss in the light of linear theory. Section 4, we use the analysis
based on the perturbations method and the Fourier transform to derive the Ginzburg—Landau equation describing
the evolution of wave packets. For some special cases we derived the cubic nonlinear Schrodinger equation and the
nonlinear modified diffusion equation. Also, we compare the linear and the nonlinear theory. In the light of the linear
theory, the viscosities @1 and wuy have no effect on the stability criterion (3.8). This result obtained by Funada and
Joseph [10,11] in the absence of electric field for the hydrodynamic jet. But, in the light of the nonlinear theory the
modulational stability condition (4.23) depend on the viscosities j¢1 and p,. Numerical results of physical parameters
of the problem are discussed and stability diagrams are obtained. These show that the electroviscous potential flow
analysis is better understood via nonlinear approach. The final Section 5 is conclusion.

2. Problem description

Consider now two incompressible, viscous fluid cylinders, confined between two concentric circular rigid cylinders
in a uniform axial electric field of strength Eg. The undisturbed cylindrical interface is taken at radius R. In what
follows, the subscripts 1 and 2 denotes variables associated with the fluids inside and outside the interface, respectively.
The finite radius of the inner fluid is denoted as Rj, the electrical conductivity by o1, the permittivity by €1, viscosity
by w1 and density by p1. Corresponding properties of the outer fluid are R;, 03, €2, (£2 and p>. On the surface between
the two fluids, there exists the surface tension 7. Both fluids are assumed to be incompressible, and the motion in each
fluid is assumed to be irrotational. We shall use a cylindrical system of coordinates (r, 8, z). So that the z-axis is the
axis of symmetry of the system in the equilibrium state. We describe the interface profile by the relation r = R + 7,
where n = (0, z, t) is the perturbation in the radius of the interface from its equilibrium value R, and ¢ represents
time. While the two solid cores » = R; and r = R, are taken as rigids, where R; < R < R».

Here, using the viscous potential flow analysis of capillary jet instability, in which the effects shear stress at the
solid cylinders and across the interface between the two fluids are neglected [31]. We consider nonaxisymmetric
motion of disturbances, for which the velocity potential ¥ = ¥ (r, 0, z, t) gives v= V.

The velocity potential is subject to the equation of continuity:

v-v=0— V¥ =0; (2.1

thus the potentials for the respective fluids are given by

Vgl =0 j=1,2, (2.2)

V2D =0 inR <r<R+n, (2.3)

V2@ =0 inR4+n<r<R, (2.4)
where

2 19 1 92 92

v 420y 0 9
8r2+r8r+r2892+8Z2

2.5)
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In electrodynamics, it is generally assumed that the quasi-static approximation is valid, i.e., the effects of magnetic
induction are negligible which requires that the electric field to be curl free and thus representable as the gradient of
electric scalar potentials oD (r,0,7,1), Jj =1, 2. The electric field in both fluids is thus £ ) = =FEpe, — Vo), where
e, is the unit vector along the z-direction. The free charge density is initially zero everywhere W1th1n each fluid, it will
remains zero. Gauss’s law requires the electric scalar potentials also satisfies Laplace’s equation:

Vel =0, j=1,2. (2.6)
The free surface of location of the interface is defined by the function F'
F(r,0,z,t)=r —R—n(0,2z,1), 2.7)

where F = 0 represents the bounding surface and its normal unit normal vector n is given by

VF 1an 9n an an -2
L,———, —— |1 — . 2.8
"=IVE ( r 20 az)[ T2 <ae) +<Bz> -8

The solution for ¥ /) and @) have to satisfy the following boundary conditions:
(i) Boundary conditions at the rigid cylindrical surface »r = Ry and r = R; gives

ow ()
o =0, atr = Rj, 2.9)
o)
3z =0, atr =R;. (2.10)

(i1) Boundary conditions at the interface r = R + n are given by
The material derivative of F must vanish, yielding the kinematic conditions on the free surface r = R + 7:

DF 9 awl) ]
= < Q2.11)

n —23,] v naw 3
Dt dt ar  R? B

I ) a
+ 90 90 9z oz

R
The tangential component of the electric field is continuous at the interface [32], it is mathematically requires that
[lE/]| =0, (2.12)

where E;(=n A E) is the tangential component of the electric field and |[ X ]| represents the jump across the interface,
it is defined as |[X]| = X| — X».

The discontinuity in the normal current to the interface; charge accumulation within a material surface element is
balanced by conduction from bulk fluid on either side of the surface. At steady state [33], one gets

[0 Eal| =0, (2.13)

where E, (=n - E) is the normal component of the electric field.
The dynamical condition that the normal stress should be continuous across the perturbed interface [19,24]:

125 ][+ 3llow 211+ 5 e8] = S B2 + 2l [0 9v])| =79 . Q.19

3. Solutions

The mathematical system described in the previous section is nonlinear in general, despite the fact that both electric
and flow fields are governed by linear partial differential equations. The nonlinearities in the system arise from the
boundary conditions at the deformable interface such as capillarity, the coupling of the surface kinematics to the
velocity field, etc. In the present work, the nonlinear free boundary problem is simplified by considering only the
nonlinear field solutions for first-order perturbation solutions of interface deformations [34-37].

We are interested in the interfacial response between two cylindrical fluids after a disturbance about the equilibrium
configuration. Therefore, the surface deflection is expressed by

n = Aelketmi—on 4 ¢ ¢ (3.1)
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Here, A is an arbitrary parameter, which determines the behaviour of the amplitude of the disturbance and i (= /—1)
is the imaginary number. Through the linear theory, the amplitude is assumed to be constant. On the other hand, along
the nonlinear approach, A is treated as a slowly varying function of space and time. In addition, k is the axial wave
number, which is assumed to be real and positive, m is the azimuthal wave number, which is assumed to be positive
integer, w is the growth rate and c.c. refers to the complex conjugate of the preceding term. It should be note that the
imaginary part of w indicates a disturbance that either grows with time (instability) or decays with time (stability),
depending on whether this imaginary part is positive or negative, respectively. As shown by many foregoing works,
e.g. Chandrasekhar [38]. The basic variables are expressed in normal modes (3.1). The analysis of the linear stability
as presented by [38] is based on neglecting the nonlinear terms from the equations of motion as well as the boundary
conditions. Therefore, a dispersion relation should arise without nonlinear terms. The idea for the weak nonlinear
approach is a slight departure from the linearity technique. At this stage, the whole problem will contain the linear
dispersion with some additional terms that make a correction of the main solution. The weak nonlinear description
given here is based on neglecting the nonlinear terms from the equations of motion and appropriate nonlinear boundary
conditions. Therefore, the dispersion relation should be extended to include the nonlinear terms.

Since the boundary conditions (2.11)—(2.14) are prescribed at the interface r = R + n, we express all the physical
quantities involved in terms of Taylor’s series about r = R. On substituting the solutions of the basic equations (2.2)
and (2.6) into the boundary conditions (2.11)—(2.14), we get the scalar electric potential @ () and the velocity potential
w () solutions, in terms of the elevation parameter 7. Inserting the solutions of @) and ¥ () into the normal stress
tensor (2.14). Keeping in mind that the elevation function 7 is small, the use of binomial expansion is convenient. The
calculations are lengthy but straightforward. Up to the third order of 5, one finds the following nonlinear equation in
the interfacial displacement n [37]:

D(w, k,m)n = 21 (w, k,m)n* + 22(w, k,m)n> + - -, (3.2)
where
N kE2g1(k) g2 (k) (g1 — &2) (01 — 02)
dy (k)
_ QRN ® + aMi)K)) | oQikuNk) + pMr@e)
A1 (k) Ao (k)

D(w,m, k) = %(1 —m? — k*R?)

0, 3.3)
and

di (k) =0182(k)G1(k) — 0281 (k) G2 (k),

Lj(k) =k(I,(kR)K,, (kR) — I,,(kR)K,,(kR})),

gj(k) =InkRj)Kp(kR) — Iy(kR) K, (kR}),

Gjk)= Km(kRj)I,;(kR) — Im(kRj)K,’n(kR),

M;(k) = Km(kR)I,;(kRj) — Iy (kR)K;n (kRj),

Nj(k)=K,,(kRj)I, (kR) — I, (kR})K,,(kR),
where the symbols 7,,(kR) and K,, (kR) are the modified Bessel functions of order m and the prime on the modified
Bessel functions denotes the differentiation with respect to r when r = Ry, R, or R. The nonlinear terms £2; (w, k, m)
and §27(w, k,m) in Eq. (3.2) are describe the behaviour of the physical parameters of the system of the second-
and third-order terms, respectively. The calculations are lengthy but straightforward, In order to facilitate the tedious
computations the MATHEMATICA package has been used. According to the general theory of Grimshaw [34], the
nonlinear terms £2{(w, k,m) and §2>(w, k, m) of the characteristic equation (3.2) consist of two terms. One part
contains the interaction of the second harmonic term, together with the cubic interaction of the primary harmonic
term, which is identical to the same term that arises in the Stokes expansion for plane progressive wave. The nonlinear

terms £21(w, k, m) and £2>(w, k, m) are given in Appendix A for spacial case, that we need later.
Eq. (3.3) is reduced to the dispersion relation

(1261)02 +ajwy+ag =0, 3.4

where
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_ k) paMa(k)

Mk k)
_ 2PN k) 2K ua Ny (k)
k) M)
kE2g1(k)g2(k)(e1 — £2) (01 — 02)
ap = Rz(szz m? — 1)+ —2 ") ,

and wg = —iw. Solving (3.4) we get

wy = 2%12 (—a] + ,/a% + 4aoaz). 3.5)

Here, it is easy to find that wg = O gives a relation independent of viscosity. In other words, the relation holds even for
inviscid fluids; this is helpful for the problem to be considered herein
If we suppose that Ry =0 and R, — o0, and Eg = 0 the dispersion relation (3.4) becomes

aswo’ + afwy +al =0, (3.6)
with
o= Pt (kR) — p2 K (kR)
27 kI (kR) kK. (kR)’
1 Ku(kR) In(kR)
=2k 2k ,
a = ”2<kR K, (kR)) + ’”(kR 7 (kR))
2k(e1 — £2) (01 — ) Eg
011{(2kR)Ko(2kR) — 02102k R) K|, (2kR)

%(k2R2+m2 1)+

* __
ao—

Nonaxisymmetric deformations (m # 0) are always stable; axisymmetric deformations (m = 0) with wavenumbers
within the range 0 < kR < 1 are unstable [8]. The formula for the axisymmetric case when Ey = 0 was reported by
Funada and Joseph [11].

Applying the Routh—Hurwitz criterion to (3.6). we obtain conditions for stability (in other words, to have the real
part of wy is less than zero or the imaginary part of w is also less than zero):

aj >0 and aj>0, (3.7)

since a; is always positive. From above we notice that the condition aj > 0 is trivially satisfied since w1 and uy are
always positive, while the condition a; > 0 reduces to

k(e1 — €2)(01 —02) E]
o1ly(kR)Ko(kR) — o2 lp(kR)K (kR)

2(k2R2 +m*—1)+ (3.8)

R
It is clear that, in axisymmetric case (m = 0) the electric field has a stabilizing influence on the wave motion. This
theoretical result was obtained by Elhefnawy et al. [23]. It is clear that the viscosity coefficients (11 and ;) has no
effect on the stability condition (3.8). This result obtained by Funada and Joseph [11] when Ep = 0.
For values of Eq > E. (E. is the critical electric field) where

o Ta- kK*R? —m?)o1 1) (kR)Ko(kR) — 021o(kR)K), (kR)
‘ kR?(g1 — £2)(01 — 02)

the system is linearly stable. For £y < E, the system is unstable. It is found that the liquid jet is stable for all purely
nonaxisymmetric deformations, but is unstable for symmetric varicose deformations with wavelengths exceeding the
circumference of the cylinder for (¢1 — €3)(01 — 03) > 0. It is follows that the most interesting mode of disturbance
is the axisymmetric mode. Therefore, from now on, the axisymmetric mode (m = 0) is only considered.

Now we shall discuss, the breakup phenomena of liquid jets into drops for the dispersion relation (3.4) in the light
of linear theory of the mode m = 0. The growth rate curves wq versus k depend only on control parameters €1 2, 071 2,
Eo, p1.2, 1,2 and T are shown in Figs. 1 and 2. The numerical results inspect the maximum growth rate wg of the
instability of the system.

3.9)
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Fig. 1. Stability diagram on the wy—k plane, according to Eq. (3.4),
for different values of 11, and for linear system having m = 0, n1 =0.1 gm em~!s~! and no = 0, for different values of Ej
R=2cm, Ry =1cm, Ry =3cm, T =20 dyncm_l, nr =0, (gml/2 cm—1/2 s_l).

o1 =0.99823 gmem ™3, py =0.79 gmem ™3, &) = 80.37, &y = 2.5,

61=02s"1,6,=0.1s"1and Ey=0.

Fig. 2. Stability diagram for the same system as in Fig. 1, but with

In Fig. 1, the dispersion curves are obtained using the calculated values of the growth rate for different wavenum-
bers and for five p| corresponding to the cases uy = 0 and Eg = 0. As predicted by the linear theory, the viscosity
reduces the magnitude of the growth rate for all wavenumbers. In addition, the maximum growth rate occurs at lower
wavenumbers for more viscous jets. This is due to the more effective viscous damping at larger wavenumbers. Fig. 2
represents the same system as considered in Fig. 1, but when p; = 0.1 and py = 0, for some values of Ey. It is clear

that, the liquid jet has a linear stabilizing effect. It is found that, the electric field Ey, reduce the breakup phenomena
of liquid jets into drops.

4. The axisymmetry self-modulation waves

To investigate the nonlinear stability of the considered system, for the special case, Ry =0 and R, — oo when

m = 0, we may introduce a modulation to the problem so that the linear dispersion relation D(w, k) represents a
slowly modulated wavetrain. To do this, let us introduce the following perturbation expansion for 1 [39]:

n=08m +8m+8 3+, 4.1
where § is a small parameter (i.e. § < 1) representing the strength of the nonlinearity, which measures the ratio of a

typical wavelength or periodic time relative to a typical length or timescale of modulation (measures the steppes ratio
as the perturbation parameter). Here

n = A(z, 1) exp|i(kz — o1)] + c.c., 4.2)
where 1, (a second-harmonic term) is given by

n = A exp[2i(kz — ot)] +c.c., (4.3)
and

n3 = |AI*Aexp[itkz — wt)] + c.c. (4.4)

437
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On substituting expressions (4.1)—(4.4) into Egs. (3.2), and equating the coefficients of terms of equal powers in 8.
We obtain the linear characteristic function

(R KR 5 T (1 KokRY (1 kR
D(”’k)_<mk15<kR> pszé(kR))“’ +21[“2<kR Ké(kR)) “1<kR+15(kR>)]“’

T k(e1 —¢ — ) E?
TRy - — (61 — &2)(01 — 02) Ej : —o. 4.5)
R? O’llo(kR)K()(kR) — O‘QI()(kR)KO(kR)
The problem can be solved for any order with the knowledge of the solutions of all the previous orders, we get
2
Q=—1 (4.6)
DQuw, 2k)
and
D(w,k, |A]*) = D(w, k) — 8*G|A|* =0, 4.7
where
__M g (48)
~ DQw,2k) '

The nonlinear term G|A|? in Eq. (4.7) arises by self-interaction and the coefficient G is the nonlinear term, the
“Landau constant”. It is describe the behaviour of the physical parameters of the system in the nonlinear approach. The
calculations are lengthy but straightforward, mostly of third order nonlinear, 21 = 21 (w, k, m) and 2, = §22(w, k, m)
at m = 0 are given in Appendix A.

To discuss the nonlinear stability problem for nonlinear characteristic function (4.7), we may introduced an mod-
ulation to the problem, so that the linear dispersion relation D(w, k) represents a slowly modulated wavetrain. To do
this, first, we expand D(w, k, |A|2) as a function of w, k, and |A|2 in a Taylor series about the wavenumber ko, the
angular frequency wy, and the constant amplitude Ag. Therefore,

aD aD 1[a*D _, . 8°D 3?D 51 oo
D+ —w+—K+-|—w’+2 Ko+ —K*|=8§°G|A[%, (4.9)

ow ok 2| dw? dwik k2

where @ and K are small, and w — w9 = @w, k — kg = K. The nonlinear coefficient G evaluated at A = Ay =0, is
given by G = (8D/8|A|2) |4o- Suppose that

o0 o
w=23”wn, K:ZS"KH, (4.10)
n=1 n=1
where
oy =w /8", K,=K/s". 4.11)

We can rewrite 7 in the form
n=A(z, 1)el®oi=e) L cc. (4.12)

Now, using the Fourier transform of the envelope function A(w, K) and its inverse transform A(z, ¢) of the forms

[e¢]

A, K) = / Az, el @ =KD dr dz, (4.13)
-0
o0
Az, t) = / A(w, K)e '(@1=KD qor dK . (4.14)
(2m)?
—0Q0

At the second and third order problems we obtained the following system of partial differential equations
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dDOA  9DIJA

_aER L TR Ly, 4.15

do 3t 9k 9z 13

([ d9DAA IDIA\ 13°Dd’A 3’D 3°A L] ’D 0?A 2GIARA “.16)
dw at  dk 3z )  200% 32 dwdk dzdr 2 9k> 9z ’ '

where the coefficients of the linear terms are simply derivatives of the linear characteristic function (4.5). Combin-
ing the two Eqgs. (4.15) and (4.16) following similar arguments as given by Elcoot and Moatimid [27], we rewrite
Eq. (4.16) to become

(249200 | sip ip) A Zsco, +ioniaPa “.17)
il —+—— iP)—— = 10; .
0T  dk dZ : 922 : ' '
where Z = z8 and 7 = 1§ are slow space and time variables, and
, 1 d%w
Pr+1Pi:§W’ (4.18)
‘0. — ) 4.19
O, +10; oD/ 4.19)

The nonlinear complex coefficients (d>w/dk?)/2 and —G/(3D/dw) are the group velocity rate and the nonlinear
interaction parameters, respectively. Here, P., P;, Q,, and Q; are real values. It is evident that, in the case of a
coordinate system moving with the group velocity dw/dk, Eq. (4.17) needs to be rescaled. This can readily be accom-
plished by introducing the independent variables

£=Z— (do/dk)T and ¢ =73, (4.20)

so that in the (Z, 7T') coordinates Eq. (4.17) becomes

0A . 9%A . )

1§+(Pr+1P,-)8—§2=(Qr +10;)|A"A. (4.21)
Eq. (4.21) is the well-known Ginzburg—Landau equation. It may be used to study the stability behaviour of the con-
sidered model. Lange and Newell [40] derived the stability criteria of this equation. If the solution of Eq. (4.21) is
linearly perturbed, the perturbations are stable if both the following conditions.

PO, +PQ;>0 and Q; <0, 4.22)

are satisfied. Otherwise, the system is unstable (i.e. the system does not oscillate about its equilibrium state). Here the
real parts P and Q, do not depend on the viscosities | and wo, while the imagery parts P; and Q; are function of
w1 and uy. The transition curves separating the stable from the unstable region correspond to

PrQr+PiQi =0, 4.23)
0; =0. (4.24)

These marginal curves may be born out of numerical estimation. It is worthwhile, to notice that the linear theory
have no implication in the stability criterion (3.8) for viscosities ©1 and p,. But, in the nonlinear theory the stability
condition (4.23) depend on the viscosities 1 and ;.

To support the analytical approach for the special case, R; =0 and R, — oo when m = 0, we shall discuss, the
numerical results in the light of linear and nonlinear approach, for physical parameters of the problem. It is convenient
for the linear and nonlinear numerical discussion to write the stability conditions in an appropriate dimensionless
form. This can be do in a number of ways depending primarily on the choice of the characteristic length. Consider
the following dimensionless forms: the characteristic length = R, the characteristic time = 1/w and the characteristic
mass = T'/w?. The other dimensionless quantities are given by

1/2
k==,  pj=pi(T/*R)"*  u;j=piT/wR,

oj=0}/w,  Ej=ENT/R)'

(4.25)
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where the superposed asterisks refer to dimensionless quantities. From now on, it will be omitted for simplicity. To
this end, the interface of the system of the dispersion relation (4.5) becomes stable iff

(- 1) k(e1 —e2) (0 — E]

o ly(k)Ko(k) = To(k) K (k) ~
where o = 01 /0>. The interface of the system is linearly stable or unstable depending on whether the electric field Eg
is larger or smaller than E., where
(1=K I (k) Ko(k) — Io(kR)K{(K))

‘< k(er —e2)(0 — 1) '
The critical electric field E, separates stable regions from unstable regions.
In Fig. 3, we shall discuss numerically, the electroviscous potential flow analysis of capillary instability of
Ginzburg-Landau equation (4.21).The analysis of the system depends on the linear condition (4.26) and the nonlinear
stability conditions (4.22) through the dimensionless form (4.25). The next step in the analysis of viscous potential
flow analysis of capillary instability through electric media is to determine the stable and unstable regions through
the nonlinear theory, for example, the behaviour of the electric field in the parameter space. The linear stability can
be discussed by dividing (E%—a)-plane into stable S (above the linear transition curve) and unstable region U (below
the linear transition curve). The continued line in Figs. 3 and 4, represents the linear transition curve representing the
relation (4.26). The nonlinear transition curves (4.23), (4.24) will divide the linear stable region into stable and new
nonlinear unstable parts. The nonlinear curves produce newly unstable regions Uy, U, which were stable in the sense.
The comparison between the linear and nonlinear theory make the stability of system more accurately. Through Fig. 3
the transition curve P,Q, + P;Q; = 0 may be rearranged in a fifth-degree polynomial on EZ, while the transition
curve Q; = 0 may be rearranged in a third-degree polynomial on ES. Some roots of these nonlinear curves (branches)
do not appear in Fig. 3, because it lie in the negative part of Eg-axis. The dotted lines indicate the nonlinear curve

(4.26)

)

4.27)

E

0.6

0.5

0.4 0.

0.3} 0.

0.2 0.

0.1} 0.
0 o

0 20 40 60 80 0 20 40 60 80

Fig. 3. Stability diagram in view of the nonlinear stability approach according to relations (4.23), (4.24) and (4.27) for system having p; = 0.02,
p2 =0.01, e =80.37, &g =2.5, u; =0.1, up =0, where (a) refers to the case k = 0.1, (b) refers to the case k = 0.3. The continued line
represents the linear curve (4.27), the dashed lines represents (4.23) and the dashed dotted lines represents (4.24).

0

0 20 40 60 80

Fig. 4. Stability diagram for the system as considered in Fig. 3, but with © =2.
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P-Q, + P;Q; =0 and the dashed dotted lines represent the nonlinear curve Q; = 0. Fig. 3, displays the stability
diagram in the (Eg—a)-plane according to the cases, k = 0.1 (Fig. 3(a)) and k = 0.3 (Fig. 1(b)). Comparing Figs. 3(a)
and 3(b), we observe that the linear curve shift downwards, i.e., the linear stable region S increases with the increase
of k. This means that, the stabilizing influence of the field, in the linear theory with respect to the velocity k. The
nonlinear curve P, Q, 4+ P; Q; = 0 has two branches as in Fig. 3. It is also observed that the newly unstable regions U
is confined between the lower branches of Q; =0 and P, Q, + P; Q; = 0. While unstable regions U, appears between
the upper branches of them. Through the nonlinear approach, It is clear that, the new unstable regions U; and Uy
decrease as k increases which means that the electric field has stabilizing effect in the light of nonlinear theory with
increasing k.

Fig. 4 represents the same system considered in Fig. 3(a), but when p; = 2. We observe that the unstable region
U appears in Fig. 4 between the two nonlinear branches P.Q, + P; Q; = 0. While the other region U, disappears.
We also observe that the linear curve in Fig. 3(a) is the same as in Fig. 4, which means that the linear curve does
not depend on p1. From the numerical discussion, it is evident that, the parameter 1«1 has a destabilizing influence.
This is in contrast to the linear theory. It seems in general that electroviscous potential flow analysis is a nonlinear
phenomenon and it is better understood via nonlinear approach.

As a special case, if one considers that the interfacial viscosities are neglected, i.e., u; = 0 and w> = 0. Therefore,
in (4.21), both P; and Q; equal zero. In this case, (4.21) reduced to the nonlinear Schrédinger equation

4 Pa2A_ APPA 4.28

18§'+ raEZ—Qr|| . (4.28)
The solutions of the above (4.28) are stable if [23,41] P-Q, > 0. In addition, the solution of (4.28) is linearly per-
turbed, the perturbations are stable if condition P.Q, > 0 is satisfied. On the other hand, if P-Q, < 0 the system
is unstable (i.e., the system does not oscillate about the steady state) and solitary waves propagate though the inter-
face. The solution of (4.28) also breaks down as denominator of £2 tends to zero. Physically, it represents the second
harmonic resonance. The solution of Eq. (4.28) is discussed in detail in [23].

When the effect of the viscosities w1 and @y are considered, i.e., ;1 # 0 and py # 0, for the special case, Ry =0
and R, — oo when m = 0. Since the linear dispersion relation (3.6) is quadratic in (—iw), the principle of overstability
is valid and we study (4.21) near the marginal state. Therefore, P. = Q, = 0, and (4.21) reduced to the nonlinear
diffusion equation

04 p LA apa (4.29)
or -~ togr T ' '
It is known that the solutions of (4.29) are bounded if P; < 0 and Q; < 0. An equation similar to (4.29) was derived
for waves in cylinder was by lizuka and Wadati [42] and Elhefnawy [43].

5. Conclusion

The instability of a cylindrical interface separating two, viscous, conducting and incompressible fluids in the pres-
ence of an axial electric field is studied with allowance for small, but finite, disturbances and for spatial as well as
temporal development. Using electroviscous potential flow analysis. It satisfy the Navier—Stokes equations. Because
the no-slip condition cannot be satisfied the effects of shear stresses are neglected, but the effects of extensional
stresses at the interface on the normal stresses are fully represented. By using nonlinear approach, we obtain a dis-
persion relation in the linear approximation and a generalized formulation of the amplitude equation in the nonlinear
approximation. The results in the linear problem show that the viscosities no effect, while the electric field has a
stabilizing effect.

In the nonlinear analysis, we obtain Ginzburg-Landau equation. When viscosities are neglected, the nonlinear
Schrodinger equation is obtained. In the presence of viscosities the nonlinear diffusion equation is obtained near the
marginal state. From the numerical discussion it is evident that, the viscosity plays an important role in the nonlinear
stability criterion of the problem. It is found that the viscosity plays a dual role in the stability criterion in contrast
with the linear analysis [10].
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Appendix A

The nonlinear terms 21 and §2, of (3.2) for the special case, Ry =0, R, — oo and m = 0, or as in Eq. (4.8) are

1K p1 2272 2
£21 = _<F + ﬁ)T - 7[501/210(1613) +k%y (IO (kR) — I (kR))]

+ %[Eggl (2ikaa Io(kR) + k*af I3 (kR) + a1 k> I (kR) (4 + a1 I} (k R)) )]
— 2wt KokR) + K267 (K3 kR) — K (kR))]

— %[E(z,sz (2ikB2Ko(kR) + K*BIKG(kR) + Pik*K((kR) (4i + a1 K{(kR)))]

— 2ipu1k* (2koy K{(kR) + o I (kR)) + 2ipok? (2k81 K (kR) + 8,K( (kR)),

3k 1 k>
2, = (—7 + o7t W)T — pi[wyslokR) + K12 (15 (kR) — I (kR))]

+ Edei[kPar1oan I3 (kR) + k2ar I)(kR) (2ia3 + a1 I§(kR) )k Io(k R) (i3 + 2k I)(kR)) ]

+ p2[w83Ko(kR) + k*818, (K3 (kR) — K} (kR))]

— Egei[K*B1B2KG (kR) + k> B2 K (kR) (2iB3 + B1 15 (kR))k Ko (kR) (i85 + 2k* B K (kR)) |
+2ip1k? (2k*y1 Io(kR) + k> (12 L5 (k R) + y3 1 (kR) + K> 1] (kR)))

— 2ipak? (2k*81 Ko(kR) + k* (82K (kR) + 83K{ (kR) + k*81 K{| (kR))),

where

v =—w/kIj(kR),

y2 =—wlo(kR)/I5(kR),

ys = —kwlg (kR)/I§ (kR),

81 = —w/kK{(kR),

8 = —wKo(kR)/KF (kR),

83 = —kwKZ(kR)/K§ (kR),

a; = —iEg(o1 — 02)Ko(kR)/ Dy,

k
o = EiEo(m — )|~ Ko(kR)K{(kR)I{(kR) + Io(kR) k(01 — 02)K§(kR) + 02 KF (kR))},
1

k
az = EiEo(m — ) {02 K{(kR) (kKo(kR) Io(kR) + K{(kR)I{(kR)) + { Ko(kR) (kR* Dy (02 Ko (kR) I{ (kR)
1

+o1lo(kR)KH(kR)) + (01 — 02)* (Ko (kR Io(kR) + K§(kR)I§(kR))*) /D1 }}.
p1=—iEo(o1 —02)1o(kR)/ Dy,

k
pr=—51E0(01 — o) {01 lo(kR)K{(kR)I{(kR) + Ko(kR) (k(c1 — 02)I5 (kR) + 01 Ko(kR) I (kR))},
1

k
B3 = FiEo(oq — o) {02 I§(kR) (kKo(kR) Io(kR) + K{(kR)I{(kR)) + {Io(kR) (kR* D1 (02 Ko (kR) I} (kR)
1

+01lo(kR)K{(kR)) + (01 — 02)* (Ko(kR) Io(kR) + K{(kR)I§ (kR))*) /D1 },

Dy = o1 Ij(kR)Ko(kR) — o2 Io(k R)K{(kR).
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